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Hamiltonian properties of Madden-Julian Oscillation: waves and distributed chaos
A. Bershadskii
ICAR, P.O. Box 31155, Jerusalem 91000, Israel
The Madden-Julian Oscillation (MJO) has been studied using its daily RMM1, RMM2 and VPM1,
VPM2 principal components’ indices. A spectral analysis of the raw indices indicates presence of
a noise presumably contributed by the random high-frequency waves. A soft simple filter - 3 day
running average, has been applied to filter out this high-frequency noise (the filter has been chosen
in accordance with the observationally known properties of these waves). Power spectrum of the
smoothed indices exhibits a stretched exponential decay E(f) ∝ exp−(f/f0)
1/2 characteristic to
the Hamiltonian distributed chaos with spontaneously broken time translational symmetry (with
time depending Hamiltonian and adiabatic invariance of the action). An impact of the MJO’s
Hamiltonian distributed chaos on the Asian-Australian Monsoons at the intraseasonal time scales
has been briefly discussed.
INTRODUCTION
At present time three main atmospheric phenomena
are known to determine the tropic atmosphere and pro-
vide a crucial energy supply to the global atmospheric
circulation from the daily to multi-annual time scales:
the Asian-Australian monsoons, the El Nin˜o-Southern
Oscillation (ENSO) and the Madden-Julian Oscillation
(MJO). In this note the MJO will be studied as a Hamil-
tonian phenomenon from the daily to the intraseasonal
time scales (see Refs. [1],[2] for a comprehensive review
of the MJO phenomenon).
Figure 1 shows a sketch of the upper-atmosphere and
surface formation of the MJO (the drawing by Fiona
Martin has been adapted from the Ref. [3]). In this cru-
cial for the MJO stage thunderstorm cloud (the enhanced
convective phase) is centered over the Indian Ocean while
over the west-central Pacific Ocean the atmosphere is
dominated by the suppressed convective phase. This for-
mation traverse the globe in eastward direction (it mainly
FIG. 1: A sketch of the upper-atmosphere and surface forma-
tion of the MJO (adapted from Ref. [3])
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FIG. 2: The RMM1 daily time series. The data were taken
from Ref. [15].
manifests itself in the Eastern Hemisphere) and returns
to the initial stage with a period about 50 day on average
(actually 30 to 60 days, see also below). Therefore more
than one MJO events can occur within a season (intrasea-
sonal climate variability Ref. [1] an references therein).
Rather roughly it can be considered as global-scale cou-
pled patterns in baroclinic circulation disturbances and
deep convection [1],[2].
The MJO plays a significant role in modulation of trop-
ical cyclone activity [4],[5], of the monsoons [1],[6] and
is intimately related to the ENSO [7],[8]. It also has
global teleconnections impacting extratropic climate and
weather [9]-[13].
MJO DAILY INDICES
The authors of the Ref. [6] constructed a daily index
(actually two indices - RMM1 and RMM2) for monitor-
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FIG. 3: Power spectrum for the time series shown in the Fig.2
(in the log-log scales) [15].
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FIG. 4: As in Fig. 3 but for the RMM2 daily index [15].
ing the MJO. These indices are now widely used for the
monitoring and predicting purposes. They are season-
ally independent and based on a pair of EOFs (empirical
orthogonal functions) of the near-equatorially averaged
combined fields: 200-hPa zonal wind, 850-hPa zonal wind
(see the Fig. 1), and satellite-observed OLR (outgoing
long-wave radiation) data. The two daily time series -
RMM1 and RMM2 (representing two principal compo-
nents) were obtained by projection of the observed data
onto the EOFs. The authors of the Ref. [6] believed that
this projection by itself (without using a conventional
time filtering, see also below) can serve as an sufficient
filter for the MJO. The intraseasonal time scales, char-
acteristic for the MJO only, were separated by removing
of the components of interannual variability and annual
cycle.
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FIG. 5: As in Fig. 3 but for the VPM1 daily index [16].
0.001 0.01 0.1 1
0.001
0.01
0.1
1
10
100
f
E
(f
)
      VPM2 (daily, 1979-2016yy)
50d
f
-3
FIG. 6: As in Fig. 5 but for the VPM2 daily index [16].
The two complimentary daily indices - VPM1 and
VPM2, were suggested in the more recent Ref. [2]. They
were constructed like the RMM1 and RMM2 indices but
a meridionally averaged 200-hPa velocity potential was
used instead of the satellite-observed OLR. And again
the conventional time filtering was not applied to the
daily time series.
Figure 2 shows the daily RMM1 time series for 1979-
2017yy period (the data were taken from the Ref. [15]).
This is a statistically stationary time series. Figure 3
shows (in the log-log scales) corresponding power spec-
trum computed by the maximum entropy method, with
an optimal resolution for short time series [14]. The
straight line in the Fig. 3 indicates a scale-invariant (scal-
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FIG. 7: A shallow sea wind wave energy spectrum in the
log-log scales.
ing) power law decay of the spectrum:
E(f) ∝ f−3 (2)
Figure 4 shows analogous spectrum for the daily RMM2
index. Figures 5 and 6 show analogous power spectra
for the daily VPM1 and VPM2 indices respectively (the
data were taken from the Ref. [16]). The straight line in
these figures indicates the scaling spectrum Eq. (2).
The red noise, for instance, has scaling spectrum
E(f) ∝ f−2. An example of a more steep and relevant
scaling decay of the power spectra is shown in Figure
7. In this figure results of shallow sea measurements for
the wind wave energy spectrum are shown in the log-log
scales. The spectral data were taken from the Ref. [17].
The measurements were made at the surf zone in 2.8m
water depth. The straight line in the Fig. 7 indicates the
scaling power law decay of the spectrum - Eq. (2). The
scaling decay observed in the Figs. 3-6 can be explained
as a result of a noise produced by the relatively high-
frequency random waves, common for the tropics (cf. the
Ref. [18] and references therein, and see above about the
omitted filtering of the daily indices). As it is mentioned
in the Ref. [18] the horizontal dynamics of the waves re-
sembles that for shallow-water inertial-gravity waves (cf.
Fig. 7). The corresponding period of the high-frequency
random waves is usually less than 3 days [18]. Therefore,
let us apply a soft simple filter - 3 day running average, to
the daily time series RMM1, RMM2, VPM1 and VPM2
in order to eliminate this noise.
HAMILTONIAN DISTRIBUTED CHAOS
In order to analyse the filtered (smoothed) indices
let us recall certain properties of the Hamiltonian dis-
tributed chaos [20]. Since most of the leading theoretical
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FIG. 8: Power spectrum of the daily RMM1 index filtered by
the 3 day running average.
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FIG. 9: As in Fig. 8 but for the daily RMM2 index filtered
by the 3 day running average.
models of atmosphere and ocean dynamics are Hamil-
tonian [21]-[25] the Hamiltonian approach can be rather
relevant in this case as well (see also Ref. [26]).
The exponential power spectra
E(f) ∝ exp−(f/fc) (3)
where fc = const is some characteristic frequency, can
be considered as typical for chaotic dynamical systems
[14],[27]-[29]. For Hamiltonian sub-class of the dynamical
systems a weighted superposition of the exponentials
E(f) ∝
∫
∞
0
P (fc) exp−(f/fc) dfc (4)
replaces the simple spectrum Eq. (3). Here P (fc) is a
weight (probability distribution) of fc.
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FIG. 10: Power spectrum of the daily VPM1 index filtered
by the 3 day running average.
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FIG. 11: As in Fig. 10 but for the daily VPM2 index filtered
by the 3 day running average
The energy conservation law for the Hamiltonian sys-
tems is a consequence of the time translational symmetry
(invariance) - the Noether’s theorem [21]. When the time
translational symmetry is spontaneously broken the adi-
abatic invariance of action I replaces the energy conser-
vation (the Hamiltonian becomes time dependent) [30].
For these systems the dimensional considerations can be
used to determine a relationship of characteristic velocity
vc with the characteristic frequency fc:
vc ∝ I
1/2f1/2c (5)
Normal (Gaussian) distribution of the characteristic ve-
locity results in the chi-squared (χ2) distribution of the
characteristic frequency fc
P (fc) ∝ f
−1/2
c exp−(fc/4f0) (6)
f0 is a constant.
Substitution of the Eq. (6) into Eq. (4) results in
E(f) ∝ exp−(f/f0)
1/2 (7)
Figure 8 shows power spectrum of the daily RMM1
index filtered by the 3 day running average (cf. Fig. 3).
The straight line (a best fit in the appropriately chosen
scales) indicates the spectral decay corresponding to
the Hamiltonian distributed chaos Eq. (7). Figure 9
shows analogous spectrum for the filtered RMM2 index.
Figures 10 and 11 show analogous spectrum for the
filtered VPM1 and VPM2 indices. One can see that the
Hamiltonian distributed chaos dominates the spectral
decay for all four cases.
The fundamental period Tf = 50±7 day of the Hamil-
tonian distributed chaos corresponds to the MJO return
period (see Introduction). Comparing these results with
those obtained in the Ref. [26] one can conclude that the
MJO Hamiltonian dynamics pumps the Asian-Australian
monsoons’ distributed chaos at the intraseasonal scales
(cf. Refs. [2],[31],[32] and references therein).
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